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Abstract

We present CP-odd Higgs-basis invariants, which can be used to signal explicit CP violation in a multi-Higgs system, written
in an arbitrary Higgs basis. These invariants are constructed in terms of the parameters of the Lagrangian and are independen
of the gauge symmetry breaking. In particular, they do not vanish at high energies and can thus be relevant for baryogenesis. It
is shown through specific examples how these CP-odd invariants can also be useful to determine the character of CP breaking
(i.e., whether it is hard or soft CP breaking) in a given Higgs Lagrangian. We analyse in detail the cases of two and three Higgs
doublets.
0 2005 Elsevier B.V. All rights reserved.

1. Introduction having only one Higgs doublet, and multi-Higgs sys-
tems are required by a large class of models, including
One of the most fundamental open questions in supersymmetric models as well as models where CP

particle physics is discovering what the mechanism re- 1S Spontaneously brokefl,2]. In the SM with only
sponsible for gauge-symmetry breaking is. In the Stan- ©"€ Higgs doublet, the Higgs sector does not contain
dard Model (SM), the breaking of tH&U(2) x U (1) x new sources_of CP violation, but th|s is no longer true
SU3). symmetry is achieved by the Higgs mecha- N models with more than one Higgs doublgt. This
nism, realized through the introduction of one Higgs has Prompted several recent analyses on the impact of

doublet. However, there is no fundamental reason for Multi-Higgs in the physics at future collidefs].
In this Letter, we study CP violation in multi-Higgs

extensions of the SM, addressing in particular the
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quadratic and the quartic couplings. Couplings that
are complex in one Higgs basis may become real in
another basis. A similar difficulty arises when one in-
vestigates whether, in a given model, there is soft or
hard CP breaking. Indeed a given model may have
complex quartic couplings in one Higgs basis, while
they may all become real in another basis, with only
the quadratic couplings now complex, thus indicating
that in that particular model CP is only softly broken.
The above intrinsic ambiguities motivate the study
of conditions for CP invariance expressed in terms
of CP-odd Higgs-basis invariants. CP-odd Higgs-basis
invariants involving Higgs vacuum expectation values
have been previously considergd]. The invariants
which we propose in this letter are of a different na-
ture since they are constructed in terms of couplings
of the unbroken Lagrangian and therefore they are rel-
evant even at high energies, where 81d(2) x U(1)
symmetry is restored. This feature of our CP-odd in-
variants renders them potentially useful for baryogen-
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whereV is anng x ng unitary matrix acting in the
space of Higgs doublets. Under a HBT, the physics
content of L4 does not change, but the couplings
andZ transform as

HBT
Yop —> Yl;b = VamYmn V,,Tba
HBT
Zaped —> Z:tbcd = Vam ch Zmnpq VnTb Vqu- (5)

We now address the following question: what are the
necessary and sufficient conditions iy to be CP-
invariant? Note that an entirely analogous question
has been asked in the framework of the SM, for the
Yukawa sector, where it has been shd®jthat a nec-
essary condition for CP invariance at the Lagrangian
level in the SM is given by

Tl'[g”g;, gdg;]BZO’ (6)

whereg,, g4 denote the Yukawa couplings involving
ug anddpg respectively; after gauge symmetry break-
ing, these lead to the quark masses for the up and down

esis. We analyse in detail the cases of two and three quarks. The condition of Eq6) is a necessary con-
Higgs doublets and briefly describe the case of an ar- dition for CP invariance for an arbitrary number of

bitrary number of Higgs doublets.

2. TheHiggs Lagrangian

Let us consider the StandardU(2) x U(1) x
SU(3). Model with n,; Higgs doublets. For the mo-
ment we consider only the Higgs sector. The most
general renormalizable polynomial consistent with the
gauge invariance is given by

Lo =Yap®l b + Zavea($100) (] ¢0a), (1)
where repeated indices are summed. Hermiticitg of

implies

Y3, =Yba, Zyed = Zbade- )

Furthermore, by construction it is obvious that

®3)

It is important to note that one can make a Higgs-basis
transformation (HBT) defined by

Zaved = Zcdab-

HBT
o —> b, = Vaidi,

+ HBT

T @ = Vi) (4)

generations and, for three generations, is also a suf-
ficient condition for CP invariance.

In order to answer the above question for a multi-
Higgs sector, we follow the general method proposed
in [5], applied to specific models i8] and described
in detail in[7]. The simplest approach consists in con-
sidering the most general CP transformation of the
Higgs fields, which leaves the Higgs kinetic energy
term invariant, and investigate what restrictions are
implied for the couplingg and Z, by CP invariance.
The most general CP transformation that leaves the ki-
netic energy invariant is

CP

CP T
o — Ui @], ;r — U 9;

@)

whereU is anng x ng unitary matrix operating in
Higgs doublets space. It can be readily seen, using
Egs.(1) and (7) that the necessary and sufficient con-
dition for Ly to conserve CP is that the following
relations be satisfied

(Y*) = Usk Youn Unbs
(Z%) pog = Udn UL, ZusnpqUnbUyga. (8)

am™~ cp
In other words, for a giverf,, written as in Eq(1),

the necessary and sufficient condition f&y to be CP-
invariant is the existence of ary dimensional unitary
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matrix U, satisfying Eqs(8). Obviously, the above cri- ~ where the upper indices are those that transform with
terion is HBT-invariant. In order to show that this is VT under a HBT, as specified in ES).

indeed the case, let us assume that a solutiaxists Next we consider separately the cases of two and
for L4, written in a certain basis. Then a solutiof three Higgs doublets.

will also exist in another basis related to the initial one

through Eqgs(4). From Eqs(4), (5) and (8)it follows 3.1. Two Higgs doublets
that, in the primed basis, the solution is given by

U =vuvT. ©) 3.1.1. The general case .

For later convenience, and in order to settle the
Although Egs.(8) provide necessary and sufficient notation, we write explicitly the most general Higgs
conditions for CP invariance in the Higgs sector, valid potential for two Higgs doublets as
for an arbitrary number of Higgs doublets, they are
not very practical, since they require the search fora v, — m1¢1f¢1 + Pei%I‘PZ + pe—iw(p;f(pl + m2¢;f¢,2
solution for the unitary matriU. It is thus useful to

consider quantities which, on the one hand are HBT- +ar(p1 1) + az(p2)?

invariant and, on the other hand, are constrained to + + St +
vanish by CP invariance. In the case of the Higgs sec- +b(0191) (9202) + 8 (¢192) (¢291)
tor, an analys_,ls{4]_ has been done in terms of HBT L (‘f’Id’l) ((p;fm)

invariants which involve vacuum expectation values '

(vev’s) of Higgs fields. These HBT invariants are very +cre”0 (¢I¢1) (¢I¢2)

useful at low energies in the analysis of various CP- 0T t

violating phenomena, but they do not answer directly + c2e" (#262) (921)

the question we address in this Letter, to wit, what R (A )

the HBT-invariant conditions for CP invariance 6§, st 2 st 2
prior to gauge symmetry breaking are. The relevance +de® (¢ ¢2)" +de ™ (¢y1)". (11)

of this question has been emphasized8h Further- We h . h | Hi ial §
more, at high energie§U(2) x U (1) x SU(3), is not e have written the most general Higgs potential for

broken, and therefore HBT invariants involving vev's two _H!ggs d.oublets, dlsplgymg the. phase qependence
are no longer relevant. The CP-odd HBT invariants explicitly. It is clear that this potential contains an ex-

which we consider in this Letter, are expressed directly cess ,Of parameters. T'h|s IS ent|r'ely analogous to the
in terms of the coupling’ and Z of the Lagrangian situation encountered in the fermion sector where, for

and thus continue to be relevant at high energies. Note example, the identification of t_he cc_)rrect number of _in-
that CP-odd HBT invariants that do not vanish at high dependent parameters contained in Yukawa couplings

energies are specially useful in the analysis of baryo- requires that one go to the weak basis, where one of the

genesis, including baryogenesis through Ieptogenesis.Yu""’“’v‘"l coupImg matrl_c'es 1S cﬁagonal and real, W,h'le
the other one is Hermitian, with only one rephasing-

invariant phase. Similarly in the Higgs sector a basis
can be chosen, without loss of generality, where the
quadratic terms are diagonal and furthermore, of the
three remaining phases, 62, §, one can still elim-
inate one by rephasing one of the Higgs fields. This
means that in a two Higgs doublets system there are
only two independent CP-violating phases.

We want to find the necessary and sufficient con-
ditions for CP invariance in terms of CP-odd HBT
YP =Y, invariants. From the above counting, we expect to

“hd find two such conditions. As previously mentioned, in
Zge = Zabeds (10) Ref.[4] CP-odd invariants were constructed involving

3. Construction of CP-odd Higgs-basis
transfor mation invariants

In the construction of HBT invariants, it is useful to
adopt a more compact notation, which renders more
transparent the invariance of various quantities under
HBT. We define
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v, = (0]¢,|0). The simplest invariants of this type are
L=Ylzews,

L=whyswsy/ zed, (12)

where Wa” = Wap = vqv;. CP invariance requires
Im(Z;) to vanish. One could be tempted to consider
HBT invariants analogous th and >, simply replac-
ing W/ by Y. However, it can be readily verified that
these new HBT invariants are automatically real. In
fact, with this replacement both become traces of
products of two Hermitian matrices and such traces
are always real, independently of the number of Higgs
doublets.

3.1.2. A set of necessary and sufficient conditions for
CP invariance

Next we show that in the case of two Higgs dou-
blets, necessary and sufficient conditions f&y =
Vu, to be CP-invariant are

h=THYZyZ —ZZyY]=0,
L=TrYZsZ — ZZ>Y] = (13)

where we have defined the following; x n,; Her-
mitian matrice$

2= =23

(Zy)) = (Z2)h =zl Zih. (14)

The conditions of Eqq13) are a chosen set of equa-
tions, which can be derived from Eg®), by using
the property of invariance of the trace under simi-

me

am?

— me y”

an ~m’

Z
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L= %(ml — m)[dcZ Sins + 201) + dc2sin(s + 202)
+ 2dc1c2SIN(S + 61 + 62)

+ c1c2(az — a1) sind1 — 02) | = (15)

Note that, for simplicity, we have omitted the primesin
the coefficients, which obviously assume new values
after the HBT that diagonalizes the quadratic terms.
As mentioned above, by making a phase redefinition
of the¢;, one of the three phasés, 62, § can be elim-
inated. We choosé = 0. From the first of Eqs(15)

we obtain

Go=01 or

O =01+, (16)

where we have assumed non-degeneraay; ofaking
for definitenes®, = 01, the condition/> = 0, implies

= —(ml —m2)d(c1 + c2)*Sin(2601) = (17)
leading to two solutions
01=0,=0 or 1=6=m/2. (18)

The cas®, = 6, = 0 obviously corresponds 0 CP-
invariant, with¢s, ¢» transforming trivially under CP,
i.e., the matrixV in Eqgs.(7) is a 2x 2 identity matrix.
It can be easily checked that the solutién= 6, =
/2 also corresponds to a CP-invariafy with the
matrix U given by

v-(3 2)

(19)

larity transformations. Therefore, they are necessary Therefore this solution corresponds to two Higgs dou-

conditions for CP invariance for an arbitrary number
of Higgs doublets. In order to prove that they are also
sufficient in the case of two Higgs doublets, let us con-
sider the explicit form of the potentidly, = V4,, writ-

blets with opposite CP parities. In our proof, we have
assumed that there is no degeneracy:pflt is clear
from Egs.(15) that in the degenerate limit; = mo,
both 11, I vanish and yet there is the possibility of

ten above for the case of two Higgs doublets, where CP violation. One can easily construct a HBT invariant

all phases allowed by hermiticity are written explic-
itly. Since the conditions of Eqg13) are written in
terms of HBT invariants, they can be computed in any
appropriately chosen HB. In the HB basis, where the

that does not trivially vanish in the degenerate limit; an
example is

I3 = TI‘[ZQZ3Z ZZsZz] (20)

quadratic terms are diagonal, these conditions can beynere 75 is also ann, x ny; Hermitian matrix given

written as

I = Eclcz(ml — mp)?sin(G, — 67) =

2 For this particular case,; = 2.

by
(Z3)b _ ZmerS an

mn“ ps*

(21)

The explicit form of I3 in terms of parameters of the
Lagrangian is given by
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I3=Asin(61 — 62) + B sin(2(61 — 92)) this is indeed the case, because the quartic couplings,
+ CSiN(S + 01+ 62) by themselves, conserve CP, provided one chooses in
} Eqgs.(7) the following U matrix:
+ Y Cijsin2s +6; + 30)) o 1
ij=12 U= <1 O)' (25)
+ D;jsin(é 4+ 36; — 0;), (22)

, , , One may say thaty = V;, of Eq. (23) corresponds
where theA, B, C’s and D’s are polynomials of de- to “hidden” soft CP breakizng.

gree 6 ina’s, b’s, ¢'s andd, the parameters of the
quartic terms of the two Higgs potential in H41). 3.2. Three Higgs doublets

3.1.3. Soft CP breaking with two Higgs doublets 3.2.1. The general case

Let us now consider the soft CP-breaking case, in  Three Higgs doublets were considered in an at-
which CP is explicitly broken and there is a Higgs ba- tempt to introduce CP violation in an extension of the
sis where all quartic couplings of the potential are real g\ with natural flavour conservation (NFE)1] in
and the coefficient’;, = Y7 = pe'¥ complex. This e Higgs sector. If one introduces NFC in a two Higgs
case may be interesting in the context of models with o plet system, through an exact symmetry of the La-
explicit CP violation and suppressed Higgs flavour-  grangian under which each Higgs doublet transforms
neutral current§9]. Next, we show that the CP-odd gjfferently, there is no longer the possibility of CP vio-
HBT invariants that we have considered are also use- |ation in the Higgs sector. Is is clear from Ha1)that
ful to find out whether, in a given model, there is hard g,ch 3 symmetry, in the case of two Higgs doublets,
or soft CP breakingl0]. Itis clear thatifa CP-odd in-  \yoyId forbid all terms inc; as well as the quadratic
variant, built exclusively from quartic couplings, does non-diagonal term, so that the phase of the ternd in
not vanish, then one has hard CP breaking. On the ¢oyid then be rephased away. On the other hand, it was
other hand, one may have compl&xcouplings in & shown that with three Higgs doublets it is possible to
given HB and yet CP be only softly broken. In this yjolate CP in the Higgs sector either at the Lagrangian
case HBT invariants such dgwould vanishand only  |eye| [12] or spontaneously2], while having NFC.
HBT invariants including combinations 6fsandZ’s  The general three Higgs doublets system, without ex-
could signal CP violation. We illustrate such a situ- tr3 symmetries, is rather complicated, due to the large
ation through a simple example. Let us consider the nymper of parameters involved. It can be readily ver-

following Higgs potential: ified that forny Higgs doublets the total number of
CP-violati h tained in the Hi tential
Vi =M1¢I¢1 +m2¢g¢2 < violating phases contained in the Higgs potentia
T, \2 T, \2 1 t
+a|(9101) + (902)" | + b(d161) (02 1
[(iel T) (TZ ) ] ( 1 )( 2 ) NphaSES: Z[”g (ng _ 1)] _ (nd _ 1) (26)
+cle'”(¢161)(¢162) .
00t T The second term in E¢26) results from the fact that
+ €' (pp02) (¢o91) + h.c.] - -~ -
2 2 one can eliminatén,; — 1) phases by rephasing the
+ d[e"s(¢I¢z)2 +hcl]. (23) Higgs fields. From Eq§26) _it follows that the number_
o ) . ) of independent CP-violating phases grows fast with
An explicit evaluation off; (i = 1,2, 3) gives increasingny. One has 0, 2, 16 independent phases

forng =1, 2, 3, respectively. In view of this, we only

L=THYZyZ —ZZyY]=0, . : )
! LY zy rY] point out some of the novel generic features which

L=TiYZ2Z ~ ZZ5Y] arise in the case of three Higgs doublets and then con-
= 2c¢2d(m1 — m2) sin(s + 20), sider specific models. It is clear that the CP-odd in-
Is=Tr{Z2Zs2 — 27375] =0, (24) variantsiy, I» defined in Eqs(13) provide necessary

conditions for CP invariance for an arbitrary number
The fact that/z = 0, while I # 0, provides a hint  of generations. However, there are simpler CP-odd in-
that CP is only softly broken. It can be verified that variants, which are irrelevant for the case of two Higgs
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doublets (since they trivially vanish in that case) but
are useful in the case of three Higgs doublets. A sim-
ple CP-odd invariant of this class is

I =Tr(1y, Z13). (27)

An equivalent invariant can be obtained by replacing
Z by Z as defined in Eq(14). The vanishing ofl; is

a non-trivial necessary condition for CP invariance in
the case of three or more Higgs doublets. It is anal-
ogous to the condition obtained in the quark sector,
given in Eq.(6). In the HB whereY is diagonal, one
obtains

Iy =6i (Yoo — Y11) (Y33 — Y11) (Y33 — Y22)

x IM(Z12Z23731). (28)
3.2.2. Weinberg three Higgs doublets model

In the three Higgs doublets model proposed by
Weinberg[12], aZ, x Zz x Z, symmetry, under sepa-
rate reflections of the Higgs doublets of the fapm—
—¢;, together with an appropriately chosen transfor-
mation for the quark fields, ensures NFC and leads to
a strong reduction in the number of parameters. The
Higgs potential is given by

V=" mipl¢ +aii (9] 1)

i=123

220 (8 00) (6]61) + 261 (8] 1) (¢1)

i<j

+ [dije® (p];)? +hc]. (29)

There are three differeat;¢% terms, and only these
can be complex. In this case, the matritesZ andZ

are diagonal, hence the invariant written for the gen-
eral case in Eq(27) is automatically zero. Yet, as it
was pointed out by Weinberg, there can be CP viola-
tion, since in general one cannot rotate away simul-
taneously the three phasgs through phase redefin-
itions of the three Higgs doublets. This implies that,
in this case, a CP-odd invariant will have to include
terms of the formZ1212Z232373131 SO as to be sensi-

G.C. Branco et al. / Physics Letters B 614 (2005) 187-194

Z's. Thus, a relevant CP-odd invariant is given by

LY =m[zyrzy 7t

n “mq ersa]' (30)

Its explicit form is

1" = d1adiadas| (m3 — m2)(a11 — b23)
— (m3 —m1)(az2 — b13)

+ (m2 — m1)(azz — b12)] sin(B12 — 613+ 623).
(31)

Assuming non-degenerate values for thg a non-
vanishingIZW indicates a non-vanishin@;2 — 613 +
623).

3.2.3. Three Higgs doublets with NFC and soft CP
breaking

Let us assume that th&, x Z» x Z> symme-
try, which implements NFC in the Higgs potential, is
softly broken by quadratic terms in the potential. In
this case, one can also have soft CP breaking. In other
words, CP can be violated even if all quartic terms are
real. Obviously, in this case the matrikis no longer
diagonal, in this basis, and the invaridiptdefined in
Eq.(27) does not automatically vanish, being given by

Iy = 6(azz — azz+ c12 — c13)(az3 — a1+ c23 — c12)
X (azz — a1+ c23 — €13)y12y13Y23

x sinfg12 — p13+ @23, (32)
where we have written the off-diagonal terms of the
Hermitian matrix¥ as Y;; = y;je'#i. On the other
hand, in this model with soft CP breaking, the CP-odd
invariantIZW vanishes. The reason for the vanishing of
12W in this case is the following: this invariant is also
the imaginary part of the trace of a multiplication of
the Y matrix and a matrix made of combinations of
Z’s. In the Weinberg model this combination @fs

is diagonal and, in addition, it is real in the soft CP-
breaking case. The matrik is Hermitian, hence the

tive to the CP-violating phase that cannot be rotated trace of the product of these two matrices is real. This
away. As a result, the simplest HBT invariant rele- illustrates the usefulness of CP-odd HBT invariants in
vant to this model must contaE‘gZ Zy Zka However, determining the character of CP breaking (hard or soft)

such a simple invariant is real. The simplest way outis when the Higgs potential is written in an arbitrary ba-
to insert the two diagonal matricésand Z between sis, where that character may not be transparent.
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